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Synopsis 
Most of the commonly used flood frequency 
distributions, when extrapolated toward exceedingly large 
recurrence intervals, yield floods of unlimited magni­
tude. However, it is weZZ recognized that there must be 
upper limits to ZocaZ accumulations of precipitable 
moisture. This paper describes a simple procedure by 
which to reconcile these upper limits with conventional 
methods of flood frequency analysis. 
An interesting analogy is developed between the 
probability distribution of maximum floods and the time 
distribution of a logistically growing population. This 
analogy yields a suitably bounded "logistic-normal" fre­
quency distribution. A graphical procedure for present­
ing the logistic growth curve as a straight Zine is then 
useful for linearizing a logistic-normal distribution 
using ordinary Zag-probability graph paper. 
Sample applications of this new technique to some 
existing sets of flood data indicate that, for most 
rivers, a simple logistic transformation tends to yield 
frequency distribution curves that are straighter, and 
therefore more confidently extrapolated, than conventional 
Zag-probability plots. 
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1. E LEMENTARY LOGNORMALITY THEORY 
The basic graphical properties of normal and lognormal 
frequency distributions are presented in Figure 1. Lognormal 
plots on the right may be compared with their normal counter­
parts on the left. 
Whereas the normal (Gaussian) probability density 
function shown in block Nl is symmetric and bell-shaped, the 
lognormal counterpart (see block Ll) is skewed to the right and 
constrained at the lower limit (zero) . Although there exists a 
mathematical expression for the Gaussian density function, it 
cannot be integrated analytically to yield a corresponding 
cumulative probability expression. 
The tabulated integrals of these density functions are 
plotted on arithmetic scales in blocks N2 and L2 respectively. 
The vertical ordinates are probabilities of non-exceedence in 
both cases. Both cumulative curves are S-shaped, and are diff­
icult to resolve graphically when extrapolated toward probabil­
ities near zero or unity. 
In 1914, Hazen invented the now-universal "probability 
scale", by which the ordinates of block N2 are empirically 
rearranged in order to linearize the cumulative normal curve 
(block N3) . On the same plotting basis, the lognormal distrib­
ution appears curved, concave-down (block L3) . However, the 
lognormal curve is linearized by converting the abscissa scale 
from arithmetic to logarithmic (block L4) , whereas the normal 
cu11ve appears concave-up on this ba.sis (block N4) • 
In statistical theory, the Central Limit Theorem states 
that, if a random variable, N, comprises the algebraic sum of a 
number (n) of independent randomly distributed component values, 
then (irrespective of the distributions of the components) the 
distribution of N will tend toward a normal distribution as n 
increases. In particular, the distribution of N will exhibit 
no skewness, and negative N-values will be valid. 
A logarithmic corollary of the Central Limit Theorem 
applies to a random variable, L, which comprises the product of 
a number of independent randomly distributed (non-negative) 
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FIGURE 1. Graphical Properties of Normal and Lognormal Distributions 
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components. In this case, the distribution of L will approach 
the lognormal distribution as the number of its components 
increases. Negative values of L will be invalid. 
Because flood flows are derived from the combined 
effects of a large number of partly inter-related and partly 
independent factors, some of which are almost purely additive 
(e.g. tributary inflows) and some of which are somewhat multi­
plicative (e.g. joint probabilities of extreme rainfalls and 
presaturated catchments) , it might be expected that frequency 
distributions of flood flows should exhibit properties somewhere 
between those of normality and lognormality. The non-negativity 
of flood flows, and the fact that their probability density 
distributions usually exhibit some positive skewness, are both 
consistent with a somewhat lognormal expectation. However, when 
their cumulative distributions are plotted with the flows on a 
logarithmic scale versus Hazen's probability scale, flood flows 
usually exhibit slight curvature in the concave-upward direction 
(like block N4, but not so pronounced) , thereby indicating a 
condition part-way between normality and lognormality. Through­
out this paper, such graphs using commonly available logarithmic­
probability graphpaper are referred to as "log-Hazen" plots, even 
though they may have been achieved by plotting the logarithms of 
the flows on arithmetic-probability graphpaper (i.e. the preferred 
method) . 
2. FREQUENCY DISTRIBUTIONS OF RAINFA L LS AND F LOODS 
Apparently in contradition to the conclusion of the 
preceding section, it has been shown that cumulative frequency 
distribution of intense rainfalls, when plotted on a log-Hazen 
basis, often exhibit concave-downward curvatures (see Figure 2, 
redrawn from Canterford and Pierrehumbert, 1976) . However, when 
downstream flood flows derived from such rainfalls are modified 
by such factors as infiltration, base flow addition, channel 
storage and reservoir storage, their peak magnitudes tend to 
become severely attenuated. 
For large rivers in which the flow time greatly exceeds 
the typical storm duration, one might expect the degree of 
attenuation between rainfall rates and flood flows to be greater 
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Frequency Distribution of 24-hour Rainfalls at 
Carlton Hill near Darwin. 
(redrawn from Canterford and Pierrehumbert, 1977) 
for high intensity storms than for less extreme events. In such 
cases, although the frequency distribution of rainfall intensities 
might appear concave-downward on a log-Hazen basis, the corres­
ponding flood flows would be differentially attentuated to yield 
concave-upward curvature. The author has confirmed the complete 
dominance of concave-upward curvatures among log-Hazen plots of 
flood frequency analyses (FFA) applied by him to flood data from 
about 40 Queensland catchments (ref I.W.S.C., 1973) . 
Selected from these plots, two typical flood frequency 
distributions are shown in Figure 3. The curve of best fit (by 
eye) for the Dawson River at Glebe (n = 47) exhibits significant 
concave-upward curvature, while that for the Burnett River at 
Mt. Lawless (n = 60 ) appears fairly linear, but may also be 
slightly curved. This evidence does not necessarily substantiate 
the attenuation argument presented above, but it does indicate 
that concave-upward curvatures of flood frequency distributions 
(on the standard log-Hazen format used herein) are quite typical. 
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FIGURE 3 Flood Frequency Distributions of Two 
Queensland Streams 
3. PROBABLE MAXIMUM FLOODS 
If a theoretical lognormal distribution were to be 
fitted to the data for the Burnett River presented in Figure 3, 
and if that distribution were to be extrapolated without limit, 
it would yield the unacceptable conclusion that the maximum 
possible flood flow in this stream is unbounded. 
Such a conclusion is unacceptable, of course, because 
the limited amount and distribution of the earth's stmospheric 
moisture simply cannot yield infinitely large floods. Since the 
limited availability of rainfall must act as an upper bound to 
ensuing floods, excessive extrapolation of unbounded flood 
distributions will yield conservatively high flood values (ref. 
Alexander, 1965) . 
6 
Meteorologists are currently attempting to evaluate 
probable maximum precipitation (PMP) rates and durations in terms 
of maximum conceivable local accumulations and subsequent rates 
of sustained inflow of precipitable atmospheric moisture. 
Hydrologists are then attempting to convert such PMP values into 
downstream "probable maximum flood flows" (PMF) , using various 
flood routing procedures. 
When available, PMF values are useful in judging limits 
beyond which conventional log-Hazen plots should not be extra­
polated. However, to date no convenient graphical method has 
been available by which to reconcile realistic PMF values with 
extrapolated log-Hazen plots. 
4. LOGISTIC GROWTH THEORY 
The term "logistic curve" generally refers to the classic 
S-shaped plot of saturation-limited growth of a population, y, 
versus time, t (see Figure 4, block Gl) . At first, the growth is 
approximately exponential. Near the middle, the growth rate is 
fairly constant. Toward the end, growth is suppressed, and the 
population asymptotically approaches its upper limit, B. A 
typical biological application of this theory (see Smith, 1968) 
was made by Davidson (1942) . 
If the logistic growth phenomenon is decomposed into its 
structural elements, it is found to be a fascinating combination 
of exponential growth and saturation. 
Pure exponential growth (see block Xl) would be represent­
ed mathematically by the differential equation dy/dt = ky, for 
which the classic solution is y = y0 exp(kt) . For this case, a 
plot of log (y) versus t would be linear (see block X2) . 
At the other extreme (see block Al) the approach of y 
toward an upper bound B could be represented by the equation 
dy/dt = k(B-y) . In this case, the solution is (B-y)-l = 
(B-y0)
-l exp (kt) , i.e. the reciprocal of the saturation deficit 
grows exponentially. A plot of log (B-y) -l versus t is linear 
(see block A2) . 
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Exponential, Saturation and Logistic 
Population Growth Characteristics 
These two extremes may now be combined to represent the 
logistic phenomenon by the equation dy/dt = ky (B-y) /B, in which 
the final divisor preserves the original dimensionality of k. 
In its most comprehendable form, the solution to the logisitic 
equation is: y/ (B-y) = [y0/ (B-y0) ] exp (kt) , which means that the 
ratio of the population value y to its saturation deficit (b-y) 
grows exponentially. A plot of log [y/ (B-y) ] versus t is 
linear (see block G2) . Such a plot is difficult to achieve if 
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the value of B is unknown. In some population growth cases, B 
may be estimated by trial and error, using the linearity of this 
plot as the test criterion. 
For later reference, it should be noted from Figure 4 
that a semi-log plot of y versus t for the pure logistic case 
would appear concave-down (when the axes are arranged with y 
vertical) as shown in block G3. 
5. LOGISTIC FLOOD FREQUENCY ANALYSIS 
To incorporate a specified PMF limitation into a 
conventional FFA application, it is possible to apply the con­
straint in a logistic fashion, using an analogy based on the 
foregoing theory of logistic growth. 
Figure 5 shows that an analogy exists betw.een ( 1) the 
ordinary exponential growth phenomenon (see block Xl, inverted 
from Figure 4) , and (2) the ordinary lognormal frequency dist­
ribution (see block L3, reproduced from Figure 1). In each case 
a linear plot is achieved when the logarithm of the main variable 
(1: population, or 2: flood flow) is plotted against the other 
variable (1: growth time, or 2: Hazen's probability scale) . In 
both cases, the value of the main variable is unbounded. 
When it is recognized that the ordinary exponential 
growth model is an implicit part of the theory of logistic 
growth, as demonstrated in Figure 4, it follows that there must 
be a similar analogy between ( 1) the classic logistic growth 
phenomenon (see block G3, inverted from Figure 4) and (2) a 
bounded logistic-normal frequency distribution (see block 54, 
later also in Figure 9 ). In both cases, the main variable is 
constrained below an upper limit. In each case a linear plot is 
achieved when the logarithm of the "value-to-deficit ratio" (VTDR) 
is plotted against the other variable (see blocks G2 and SS) . 
In the case of the logistic-normal distribution, the meaning of 
VTDR is the ratio of a particular flood flow value (Q) to its 
deficit below the rele vant PMF: VTDR = Q/ (PMF - Q). 
Because, in the logistic growth theory, the population 
grows approximately exponentially when its value is much smaller 
than its upper bound, it follows by analogy that if flood flows 
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FIGURE 5 : Analogy between Population Growth 
Theory and Flood Frequency Analysis 
were logistic-normally distributed, they would behave approx­
imately lognormally at the low-Q end of the distribution. This 
explains why the bottom left quadrants of blocks G3 and 54 show 
fairly straight lines. 
Notwithstanding the creation of a theoretical logistic­
normal distribution as described above, it should not be auto­
matically assumed that flood flows are so distributed. Indeed, 
if they were, it would be possible to use the test criterion of 
linearity mentioned in Section 4 to deduce the value of the PMF, 
without reference to meteorological information. Instead, the 
10 
author's main objective is to recommend that, whenever flood 
flows are apparently constrainedby upper limits, a logistic­
normal format rather than a lognormal format should be used 
for graphical presentation of the flood frequency distribution, 
because this will usually result in decreased curvature (and 
hence improved extrapolatability) at the top right (high-Q) 
end of the distribution. For this purpose, the PMF value that 
is used as the basis for the logistic transformation must be 
derived solely from meteorological/hydrological considerations. 
6. SAMPLE APPLICATION WITHIN QUE ENSLAND 
For a preliminary demonstration of how the logistic 
limitation procedure is applied, an example is presented here 
using data from the Dawson River at Glebe (ref. Figure 3). 
Since no properly estimated PMF value is available for this 
stream, the demonstration is based on the arbitrary assumption 
that PMF = 90 0 0  m3/s (obtained by doubling the largest flood on 
record) . 
The resulting analysis is presented graphically in 
Figure 6 which shows a log-Hazen frequency distribution of the 
ratio Q/ (PMF-Q) . It is noticeable that the curve of best fit 
by eye is straighter than the corresponding curve in Figure 3. 
No matter what shape this curve exhibits, or how far it 
is extrapolated, it cannot yield Q values exceeding 900 0  m3/s. 
For example, at T = 10 0 0 0  the graph yields log16 [Q/ (PMF-Q) ] = 
0 .9 (approx.) , from which it follows that o10 0 0 0  = 80 0 0  m
3/s. 
For convenience in estimating rough Q values without 
mathematical transformation, a short non-linear scale of Q values 
is provided at the top right of Figure 6. This scale reveals 
that the sensitivity to errors of extrapolation is extremely low. 
The key to this apparent anomaly, of course, is that the P�W 
value used for the logistic transformation must be very depend­
ably generated (as indicated in the conclusion of the preceding 
section) . 
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7. SAMPLE AP PLICATION OUTSIDE QUEENSLAND 
A more realistic opportunity for demonstrating the 
proper application of the logistic approach is provided by 
Binnie et al (1967) , who published flow data pertaining to the 
Jhelum River at Mangla Dam in West Pakistan. 
The frequency distribution of observed floods for this 
stream, based on just under 40 years of data, originally appeared 
12 
to be fairly linear when presented on a special graphpaper in 
which the flows are plotted on a logarithmic scale while the 
cumulative probabilities of exceedence are converted to recur­
rence intervals (T) and plotted on a log-log scale (see Figure 
7). However, all available meteorological and hydrological 
evidence yielded a probable maximum flood of PMF = 75000 m3/s, 
i.e. just over twice the largest flood on record. This flow 
was used for the design capacity of the spillway for an exceed­
ingly large earth dam, despite the fact that it corresponds on 
the extrapolated frequency plot to a recurrence interval of 
only about 250 years. 
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FIGURE 7 : Original Presentation of Flood Frequency 
Distribution for Jhelum River at Mangla. 
(from Binnie et al., 1967) 
A solution to the apparent dilemma of how to merge the 
extrapolated frequency plot into the properly derived PMF value 
is provided by the logistic-normal approach. The observed flood 
flows are simply transformed into ratios of the form Q/(PMF-Q) . 
Then the logarithms of these ratios are plotted on an arithmetic 
scale versus the corresponding recurrence intervals on a Hazen 
probability scale (see Figure 8) . On the resulting log-Hazen 
format, the logistic ratios are found to be unexpectedly curved 
FIGURE 8 
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in the region near T = 2, but fairly linear when the recurrence 
interval exceeds about 8 years. Extrapolation to about T = 300 
readily yields Q 50000 m3/s, a result which would not have 
been apparent from Figure 7. Since this value is within 30% of 
the PMF, further extrapolation (if needed) can now be achieved 
with reasonable confidence, assuming, of course, that the P.I-W 
value is trustworthy. 
8. CONCLUSIONS 
For reference purposes, a variable S may be said to 
conform to a logistic-normal frequency distribution if it is 
constrained by an upper bound B in such a manner that the ratio 
S/(B-S) is lognormally distributed. The graphical properties of 
this distribution in relation to those of the normal and log­
normal distribution are summarized in Figure 9. The upper left 
portion of this figure is reproduced from Figure 1. 
FIGURE 9 
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Graphical Properties of the Logistic-Normal 
in Relation to the Normal and Lognormal 
Distributions. 
The lower portion of Figure 9 indicates that a normal 
distribution would appear curved concave-up when presented on a 
logistic-normal format (see block N5) , whereas the lognormal 
distribution would appear concave-down (see block L5) . It has 
been argued (in Section 1) that one might expect frequency 
distributions of flood flows to exhibit properties somewhere 
between those of normality and lognormality. Perhaps the 
logistic-normal distribution (see block S5) provides a useful 
compromise in this regard. 
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This author concludes that when conventional methods of 
flood frequency analysis are applied to the variable Q/(PMF-Q) 
instead of Q, this effectively imposes a logistic constraint or 
upper limit (PMF) on predicted flood magnitudes. It also tends 
to improve the linearity (hence the extrapolatability) of 
frequency plots using ordinary log-Hazen graphpaper. In other 
words, when flood flows appear to be constrained by an upper 
bound, then the ratios Q/(PMF-Q) are more likely to appear 
lognormally distributed than the flows themselves, especially 
as Q approaches PMF. 
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APPENDIX A NOMENCLATURE 
Units 
B 
FFA 
F(x) 
f (x) 
k 
L 
N 
n 
PMF 
Q 
QT 
s 
T 
t 
VTDR 
y 
Yo 
APPENDIX B 
Upper limit 
Flood frequency analysis 
Probability of not exceeding x 
Probability density function 
Exponential decay coefficient 
Lognormally distributed variable 
Normally distributed variable 
Number of years in record 
Probable maximum flood flow 
Flood flow 
Q at recurrence interval T 
Logistic-normally distributed variable 
(Average) recurrence interval 
Time 
Value to deficit ratio, Q/(PMF-Q) 
Population growth variable 
Initial value of y (at t = 0) 
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